Abstract. Given two determinantal rings over a field k. We consider the Rees algebra of the diagonal ideal, the kernel of the multiplication map. The special fiber ring of the diagonal ideal is the homogeneous coordinate ring of the join variety. When the Rees algebra and the Symmetric algebra coincide, we show that the Rees algebra is Cohen-Macaulay.
Introduction
Determinantal rings and varieties have been a central topic of commutative algebra and algebraic geometry. The embedded join of two subschemes X, Y of P n k is another important subject. When X = Y , the join construction yields the classical secant variety. Join varieties are an important topic in algebraic geometry. The embedded join of X and Y is the closure of the union of all lines passing through two distinct points of X and Y . An important question is whether the vaiety is all of P n k . As the special fiber ring of the diagonal ideal is the homogeneous coordinate ring of the embedded join, it is natural to investigate the blowup along the diagonal, rather than just the special fiber in the blow up.
To study join varieties of determinantal varieties, we investigate blowups in products of determinantal varieties. It turns out that for some of the cases where the embedded join is the whole space [S-U], the Rees algebra and the symmetric algebra of the diagonal ideal coincide [L] . In this work, we show that the Rees algebras are Cohen-Macaulay in those cases. This continues work of Simis and Ulrich [S-U] , and of the author [L] .
We now describe the setting. Let k be a field, 2 ≤ m ≤ n integers, X = [x ij ] an m × n matrix of variables over k, and I = I u1 (X), J = I u2 (X) the ideals of k[X] generated by the u 1 × u 1 minors of X and the u 2 × u 2 minors of X. Let R 1 = k[X]/I, R 2 = k[X]/J be two determinantal rings. We consider the diagonal ideal D of S = R 1 ⊗ k R 2 , defined via the exact sequence
The ideal D is generated by the images of x ij ⊗ 1 − 1 ⊗ x ij in S. The homogeneous coordinate ring of the embedded join variety is the k-subalgebra of S generated by the images of x ij ⊗1−1⊗x ij . Those elements are homogeneous of degree 1. The homogeneous coordinate ring of the embedded joint variety J (I, J) ⊆ P , where 1 ≤ a 1 < a 2 < ... < a s1 ≤ min(t 1 , t 2 ) and 1 ≤ i ≤ m, 1 ≤ l ≤ m, 1 ≤ j ≤ n, 1 ≤ k ≤ n.
Then K = (I s1 (X s1t1 ), I s2 (Y s2t2 ), g ij,lk , f a1,...,as 1 ).
Definition 5. Let 1 ≤ a 1 < a 2 < ... < a s1+k−1 ≤ min(t 1 , t 2 ), and 1 ≤ l ≤ k ≤ s 2 , we define f l,k a1,...,a s 1 +k−1 as follow: . Definition 6. Let 1 ≤ p 1 ≤ m, 1 ≤ q 1 ≤ n, a s1 < ... < a j ≤ q 1 < a j−1 < ... < a 1 . We define U p1,q1,a1,...,as 1 as follows: Definition 7. Let 1 ≤ b s2 < ... < b 1 ≤, 1 ≤ p 1 ≤ m, 1 ≤ q 1 ≤ n, a s1 < ... < a s2+1 < a p1 < ... < a 1 and a p1 ≤ q 1 . Let i be integer such that 1 ≤ i ≤ p and
We define M 12 as follows: U p1q1,a1,...,ap 1−1 ,ap 1 ,dp 1 +1,...,ds 2 ,as 2 +1,...,as 1 .
We define W p1+1,v p1,q1,a1,...,ap1,as 2 +1,...,as 1 ,b1,...,bp 1 +1,bp 1 +2,bp 1 +3.,bs 2 ,b .
be the determinant of matrices that coming from deleting row x l−1 and column a c . We define H l,k,q a1,....,a s 1 +k−1 as following
.
We define 
The G is a Groebner basis of K with respect to the lexicographic term order and the variables ordered by z ij > x lk > y pq for any i, j, l, k, p, q and x ij < x lk , y ij < y lk if i > l or i = l and j < k and z ij < z lk if i > l or if i = l and j > k.
Corollary 14. The initial ideal of
ALEXANDER DUAL IDEALS
From Corollary 14, we see that the initial ideal of K is generated by square free monomials. We know that an ideal generated by square free monomials defines a Stanley-Reisner ring. Hence we can find the Alexander dual ideal of this ideal, [B-H] . We recall the definition of Alexander dual ideal.
Definition 15. If I is an ideal of R = k[x 1 , ..., x n ] generated by square-free monomials (f 1 , ..., f l ), then the Alexander dual ideal I * of I is ∩ i P fi , where for any square-free
From Corollary 14, we see that each summand of the initial ideal has a similar structure as the ideal in the following lemma. Hence we find the Alexander dual ideal of this ideal first.
.., n and m ≤ n. Let I be the ideal generated by {x 1a1 x 2a2 x 3a3 ...x mam } with 1 ≤ a 1 < a 2 < ... < a l ≤ a l+1 < ... < a m ≤ n for some 1 ≤ l ≤ m − 1. Then I * , the Alexander dual ideal of I, is generated by
Proof. Without lost of generality, we may assume l = 1. Induction on m, we consider m = 2 and m = 3 first. When m = 2, I = ({x 1a1 x 2a2 | 1 ≤ a 1 ≤ a 2 ≤ n}). Now
When m > 3, we have
where the third equality comes from the induction.
We obtain the Alexander dual ideal of in (L) .
y k+1b k+1 ...
x pap Ap+1 ap+1=Ap+2+2 y p+1ap+1 ... y p+1bp+1 ... 
... y w+2bw+2 ...
y 1b1 ...
y 1b1 ... 
Proof. This follows from Lemma 16.
Having the Alexander dual ideal of in(L), we can use Theorem 3 to show that in(L) is
Cohen-Macaulay once we show that the Alexander dual ideal has a linear free resolution. We recall the definition of a linear free solution and the regularity of an ideal.
Definition 18. (a) Let
be a minimal homogeneous free resolution of an ideal I in a ring R = k[x 1 , ..., x n ] with F i = ⊕ j R(−a ij ). We say I has a linear free resolution if a ij = a i and a i+1 = a i + 1.
(b) The regularity of I is defined as reg(I) = max i,j {a ij − i}. 
We will show that (in(L))
* is generated in the same degree d and reg(in(L)) * = d. Before that we show the following result first. The reason we show this is that we will need the technique of the proof for the case (in(L)) * .
Lemma 20. Let R = k[X], where X = [x ij ], i = 1, ..., m, j = 1, ..., n. Let I be the ideal generated by {x 1a1 x 2a2 x 3a3 ...x mam } with 1 ≤ a 1 < a 2 < ... < a l ≤ a l+1 < ... < a m < n for some 1 ≤ l ≤ m − 1. Then I * , the Alexander dual ideal of I has a linear free resolution.
Proof. From Lemma 16, we see that I * is generated by elements of degree n − (m − 2), denoted by d(I * ). Using Fact 19, it's sufficient to show that reg(I * ) = d(I * ) = n−(m−2). We will induct on n to show that there is a linear filtration on I * . We write down I * first,
x mim })
Without lost of generality, we assume l = 1. Hence
m}).
Now look at x m,m , the terms x i,i−1 x mm for i = 2, ..., m − 1 and x 11 x m,m are multiple of x m,m . Also x i,i−1 x j,j for i = 2, ..., m − 1, j =, ..., m − 1 is divisible by x i,i−1 and x 11 x 12 and x 11 x ii for i = 2, ..., m − 1 is divisible by x 11 . We can rewrite
Then we have
= (x l,l−1 )/x l,l−1 (x l,l , ..., x mm , x 11 , x 21 , x 32 , ..., x l−1,l−2 ).
Since reg((x l,l−1 )/x l,l−1 (x l,l , ..., x mm , x 11 , x 21 , x 32 , ..., x l−1,l−2 )) = reg(R/(x l,l , ..., x mm , x 11 , x 21 , x 32 , ..., x l−1,l−2 )) + 1 = 1, we have reg(J l+1 /J l ) = 1 for all l = 1, ..., m − 1.
For the induction part, we write I * := I * n when X is a m by n matrix. We assume reg(I * n−1 ) = n − 1 − (m − 2) and the degree of the generating of I * n−1 is n − 1 − (m − 2). We look at the variable x m,n . When k m−1 < n − 1,
is divisible by x m,n and we write
When k m−1 ≤ n − 3, we write
On the other hand C can be written as
= C ′′ x m,n ({x j,j−1+(n−1−(m−2))−1 | 1 < j < m}, x 1,n−1−(m−2) ).
We also have
Now look at C ′ , we obtain
On the other hand, we have
We look at the filtration:
We have
By induction hypothesis, we have reg(C
Hence reg(I * n ) = n − (m − 2).
* , is generated by square free monomials with degree mn − 1 + t 2 − (s 2 − 1) + t 1 − (s 1 − 1) and reg(in(L))
Proof. We prove this lemma by inducting on n. Since s 1 > s 2 , the generators of the ideal (in(L)) * do not involving variables x ij , y lk , z pq when i, l, p > s 1 . Hence we may assume
We write down each component, Then we have
x lk x i,m−(i−1) t2 b1=B2+2 y 1b1 ...
x lk x m−1,1 t2 b1=B2+2 y 1b1 ... x lk t2 b1=B2+2 y 1b1 ... 
x lk x m−2,2 t2 b1=B2+2 y 1b1 ... x lk t2 b1=B2+2 y 1b1 ...
Notice that all the elements are in the same degree mm − 1 + 1 + t 2 − (s 2 − 1). We find a filtration starting from (in(L))
* and ending at (x m,1 , x m−1,2 , ...., x 1m ). Each quotient of this filtration will have the form P/P L, where P is an ideal generated in the same degree and L is an ideal generated by variables such that those variables form a regular sequence modulo P .
We look at the variable y s2,1 . The elements in (in(L)) * that are divisible by y s2,1 must have B s2 > 0. The elements in (in (L) ) * that are not divisible by y s2,1 must have B s2 = 0. Hence (in (L) * ) = (A 1 (y s2,1 , ..., y s2−1,2, ..y 1,s2) ), C 1 y s2,1 ), where the elements in C 1 have B s2 > 1. Also all the elements of A 1 and C 1 are in the same degree. Furthermore, A 1 ∩ C 1 = A 1 c 1 = C 1 ({a 1i }), (y s2,1 , ..., y 1,s2 ) is a regular sequence modulo A 1 and (y s2,1 , {a 1i }) is a regular sequence modulo C 1 . We look at the following filtration
Then we can use the proof of Lemma 20 to show that the quotients are A 1 /A 1 (y s2,1 , ..., y 1,s2 ) and C 1 /C 1 ({a 1i }, y s2,1 ). Notice the following equalities: reg(A 1 /A 1 (y s2,1 , ..., y 1,s2 )) = reg(A 1 ) and reg(C 1 /C 1 ({a 1i }, y s2,1 ) = reg(C 1 ). Next, we look at y s2,2 and write (A 1 , C 1 ) = (A 2 (y s2,2 , ...., y 1,s2+1 ), C 2 y s2,2 ). As before we have a filtration (A 1 , C 1 ) ⊂ (A 2 , C 2 y s2,2 ) ⊂ (A 2 , C 2 ), and the quotients are A 2 /A 2 (y s2,2 , ..., y 1,s2+1 ) and C 2 /C 2 ({a 2i }, y s2,2 ). We can continue to y s2,3 until y s2,t2−(s2−1) , we will reduce to an ideal J 1 which is generated in the same degree mm − 1 + 1.
Now we look at the variable z 1,1 . When (u 1 , u 2 ) = (0, 0) in an element, z 1,1 is not a factor of this element. When (u 1 , u 2 ) ≤ (1, 1), then z 1,1 is a factor. The ideal J 1 can be written as (D 1,1 (z 1,1 , {d 1,1,i }), E 1,1 z 1,1 ). Hence we have a filtration
with quotients D 1,1 /D 1,1 (z 1,1 , {d 1,1,i }) and E 1,1 /E 1,1 ({e 1,1,i }, z 1,1 ). We look at z 1,2 next and reduce to an ideal (D 1,2 , E 1,2 ), we continue to z m,m−1 . We can find a filtration from * ) = 1 + mm − 1 + t 2 − (s 2 − 1). For the induction steps, we write I n for the Alexander dual ideal (in (L) ) * in the m by n matrix case. We assume by induction hypothesis that reg(I n−1 ) = d(I n−1 ) = m(n − 1) − 1 + t 1 − (s 1 − 1) + t 2 − (s 2 − 1). We will show that we can build a filtration from I n to I n−1 such that the quotients are the form P/P L where P is an ideal and L is an ideal generated by variables such that they are a regular sequence modulo P . From Lemma 17 we know that each summand of in (L) , and all other components of (in(L)) * that involve y ij . For (h X ) * that does not involve y ij we leave as it is and similarly for others that do not involve y ij .
Claim: There is a filtration from in (L) * to an ideal
such that the quotients are the form P/P L where P is an ideal and L is an ideal generated by variables such that they are a regular sequence modulo P .
With this claim, we can continue picking another variable and reduce to a bigger ideal that does not involve the new variable. We can continue the process until we reach an ideal that does not involve any z i,n , or x i,n or y i,n . This ideal is I n−1 .
Proof of claim: Without lost of generality, we just need to show: there is a filtration from (A Y (y ij , {a This complete the proof of this Lemma.
We are now ready to prove Theorem 1. 
